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1. INTRoDUOTI~N 
In a previous paper with the same title [l], it was proved that an asymptotic 
equipartition of energy property is enjoyed by solutions of abstract wave 
equations if and only if a certain Riemann-Lebesgue condition holds. 
Specifically, consider the initial value problem 
u”(t) + A%(t) = 0, 40) =fI , u’(0) = 62 (1) 
(’ = d/dt) in a complex Hilbert space Z. Here A is a self-adjoint operator 
on 8, fr E D(N), the domain of A2, and fs E D(A). (1) is to be solved for 
t E (-CO, CO). The Cauchy problem (1) is well-posed, and the energy 
Ef = II A+)l12 + II @)l12 = f’(t) + K(t) 
depends on f = (fr , f2), but d oes not depend on t. (Here P(t) (resp. K(t)) 
denotespotentiu2 (resp. kinetic) energy at time t.) The theorem of [l] states that 
lim P(t) = t&nm K(t) = E,/2 t-,rLic 
for all choices of initial dataf = (fr ,f2) E D(A2) x D(A) if and only if 
lim 
I 
m for all 
t+*m --co 
eW(lj E(X)h 11”) = 0 h E SP, (2) 
where {E(X)} is the resolution of the identity associated with A.l In particular, 
* Supported by National Science Foundation grant GP-12722. 
r In [l] (where slightly different notation was used) A was taken to be the non- 
negative self-adjoint square root of AZ; actually any self-adjoint square root will do. 
The proof in [l] can easily be modified to handle this more general case with the help 
of the following observation: for t real, A-i sinh(itA) = iJvmW A-’ sin(tA) dE(X) is 
a well-defined bounded operator on X (since 1 X-i sin( < / t 1) even if A is not 
invertible. This observation, incidentally, eliminates the need for the approxima- 
tion argument given in [l]. In this more general situation, one should replace 
J,” eitA 41 -W)h II”) by .I-“, eitA d(lj E(X)L ]I*) throughout [l]. 
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(2) holds if E(e) is absolutely continuous (i.e., h -+ 11 E(X) h /I2 is absolutely 
continuous for all h E 2); and if (2) holds, then E(a) is continuous. 
In this note we present two examples which show that the Riemann- 
Lebesgue condition (2) lies strictly between continuity and absolute con- 
tinuity of E(.). In the next two sections we construct 
(I) a Hilbert space .# and a bounded nonmgative self-adjoint operator 
A = sr h dE(h) on &’ such that E(e) is continuous and (2) fails to hold, 
(II) a Hilbert space SS? and a bounded nonnegative self-aa!joint operator 
A = $ h dE(h) on A? such that (2) holds and there exists g E Z with the 
Prop@ that II EC.) g /I2 is not absolutely continuous. 
Section 4 is concerned with an abstract heorem related to the virial theorem 
of classical mechanics. We show that 
I 
T 
$ym T-l 
0 
P(t) dt = ,“I= 
+ m T-l 1’ K(t) dt = E,/2 
0 
for all choices of initial data if and only if 0 is not an eigenvalue of A. 
In the final section we derive a sufficient condition for P(t) = K(t) = E,/2 
whenever 1 t ] is sufficiently large (I t / > Tf) f or certain classes of initial data. 
An example is given to illustrate when this happens. 
2. EXAMPLE (I) 
In 1918 F. Riesz [2] (see also [3], pp. 442443) constructed a real valued 
continuous function F on [0,277] with F(0) = F(2r) such that if a, = 
j’r ein2F(x) dx, then na, does not tend to 0 as n -+ ho0 through the integers. 
Write F = G1 - G2 as the difference of two continuous nondecreasing 
functions on [0,27r]. Let b,” = s: eznzGk(x) dx, k = 1,2. Then integration 
by parts yields 
inbnk = G”(2rr) - G”(0) - j:” ein* d@(x), h = 1,2. 
It follows that 
I”” einx d@(x) - Jr egnz dG2(x) = -in(b,l - bn2) = -inu,, 
0 
does not tend to 0 as n -+ fco. Therefore SF einr dG(x) does not tend to 0 
as n + &CO for either G = Gi or G = G2. Choose G in this manner. 
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Define the Hilbert space &? = L2(0, 277; dG). X consists of all (equivalence 
classes of) Lebesgue measurable complex-valued functions h on [0,27;] such 
that 
I/ h II2 = j’” j h(h)12 dG(h) < co. 
0 
Define A on 8 by (Ah)(h) = Xh(h) for h E [0,27r], h E 2. Then A is a non- 
negative bounded self-adjoint operator on X, and A = sz h d,!?(h), where 
(E(h) h)(s) = x[~,~I(s) h(s), h E 8 (Q(S) = I or 0 according as s E S or s $ S). 
Thus 
X + !j E(A) h iI2 = 1” I h(s)12 dG(s) 
0 
is continuous for all h E Z, but taking g E 1, g E .F and 
j2= eitA d(ll E(h)g 11”) = 1:” eitA dG(h) 
0 
does not tend to 0 as t + &oz by the construction of G. Thus E(.) is con- 
tinuous but (2) fails to hold. 
3. EXAMPLE (II) 
In 1916 D. Menchoff [4] (see also [5], pp. 294-295) constructed a singular 
continuous nondecreasing real-valued function G on [0,2rr] such that 
G(0) < G(~cT), G’ = 0 a.e., and 
2n einA dG(h) = 0. 
0 
(Here and throughout this section, n runs through the integers.) A careful 
examination of Menchoff’s proof shows that more is true, namely, 
lim 
I 
a einn dG(X) = 0 
n++m b 
whenever 0 < a < b < 2~. Let 0 < a < b < 2~-, and let G,(x) = G(x), 
G,(x) = (G(b) - G(a))(x - a)/@ - a), G,(x) = G,(x) - G,(X). Then G, 
is continuous, of bounded variation, and G,(b) = G,(u). Let 
&(t) = ,l eitl dG,(X), K = 0, 1, 2, t real. 
Then&(t) --P 0 as t --t f 0~) (trivially) and do(n) + 0 as vz + &co. Therefore 
C2(n) + 0 as n -+ f co. It follows from a theorem of Duffin and Schaeffer 
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[6, Theorem 2, p. 3281 that (bs(t) ----f 0 as t + + co. Thus 
whenever 0 < a < b < 27r (see footnote 2). 
Let Z’ = L2(0, 2~; dG) (cf. Section 2). Define A on Z by (Ah)(h) = Ah(h) 
for h E [0, 27r], h E Z. Then A is a nonnegative bounded self-adjoint operator 
on 2 and A = $’ X A!?(h), where E(A) h = ~[~,$z for h E X. Let g = 1. 
Then g E 2 and h --f jl E(h)g /I2 = 
It remains to show that lim,,+, lr 
G(h) is not absolutely continuous. 
eitA d(ll E(h) h 11”) = 0 for all h E 2. Let 
We must prove %i = 2. Since 
jz”eitA d(ll E(h) h 11”) = 1:” eitA 1 h(X)12 dG(h) 
0 
for h E Z, (3) implies that xca,~) E *i whenever 0 < a < 6 < 27r. Clearly if 
h E Zi and if c is a scalar, then ch E Z1 ; if h, k E X1 and if h, R have disjoint 
support, then 11 E(h)(h + K)lj2 = 11 E(X) h II2 + I/ E(h) K II2 by the theorem of 
Pythagoras and so h + k E Z1 . It follows that X1 contains all step functions 
( i.e., finite linear combinations of characteristic functions of intervals). 
Thus Z1 is dense in Z’. Let h E X and E > 0. Chose a step function K E Zi 
such that /I K /I < /I h 11 and II h - k 11 < c. Then with the aid of the Schwarz 
inequality we obtain 
liz;zp IS 
1’ eitA 1 A( dG(A) / 
= liE;zp 1 jr @Yl WI2 - I W)12) dG(X) 1 
s 
en < I(I WI2 - I W)12)l dW) o 
< /j2mtl A(X)I - I NX)l)2 dW)jllZ 1 ,;(I WI + I K(W2 dG(h)jli2 
0 
< /I II - k II (2 II h II2 + 2 II k II”>“” d 2 II h !I c. 
2 R. KERSHNER (On singular Fourier-Stieltjes transforms, Atner. J. Math. 58 (1936), 
450-452) constructed a singular bounded continuous nondecreasing function G such 
that (*) lim,,+, JTm eitA dG(A) = 0. Kershner pointed out that this generalized 
Menchoff’s result [4] since in Menchoff’s example, (*) holds with t + f cc through 
the integers. On calculation in Section 3 (see Eq. (3)) shows that the Duffin-Schaeffer 
theorem [6] implies that Menchoff’s example actually satisfies (*) with t ---f & cc) 
through all real values. 
409/32/2-11 
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Since E is arbitrary it follows that h E XI . This completes the proof that 
.q = a?. 
4. ASYMPTOTIC EQUIPARTITION OF ENERGY IN THE CESARO SENSE 
The notation is that of the introduction. 
THEOREM. (i) 
I 
T 
,lii= T-l 
0 
P(t) dt = rli? T-l l’K(t) dt = E,/2 * m 
0 
for all choices of initial data f = (fi , fJ E D(A2) x D(A) ;f and only if 0 is 
not an e&nvalue of A, i.e, A is m-to-one. 
(ii) If, in addition, 0 belongs to the resolvent set of A, then 
E, = II Wl12 + II A-Wt)I12 = p(t) + K(t) 
does not depend on t. Moreover, 
s 
T 
lim T-l 
T+*CO 0 
P(t) dt = ,liy + m T-l {’ K(t) dt = l&/2 
0 
for all choices of initial data f c D(A2) x D(A). 
Proof. The first assertion in (ii) follows from the theorem in [I]. The rest 
of the proof of (ii) is similar to (and easier than) the proof of(i) and is omitted. 
For the sufficiency proof of (i), we begin by noting that according to the 
proof of [l], 2K(t) differs from E, by 2Re (U(2t) h, k), where (., .) denotes 
the inner product in Z, U(t) = exp(itA), and h, R vary over D(A) as the 
initial dataf = (fi , f2) varies over D(A2) x D(A). Since D(A) is dense in #, 
polarization shows that (4) holds for all choices of initial data if and only if 
,liim T-l 
s T (U(t) h, h) dt = 0 
for all h E X. 
0 
Since 
we have 
(U(t) h, h) = sl”, eith d(ll E(X) h II”) 
T-l ,: (U(t) h, h) dt = T-l s: 11, e”” d(ll E(A) h 11”) dt 
+ T-1 J‘,’ L,, 
eitA d(ll E(h) h II”) dt = J1 + I2 
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for any 8 > 0. Let h E 2 and E > 0 be given. 
I 11 I < I T-l 1; j~ad(ll E(X) h 112) dt< II E(S+) h - Et-a-1 h l12. 
Choose (and fix) 6 = a(~, h) > 0 such that 11 E(6+) h - E(- S-) h /I2 < c/2. 
Such a 8 can be chosen since 0 is not an eigenvalue of A. Next, 
I JZ I = ( l,,,,, (T-l /l eita 4 41 WV h II”) 1 
= / i,,,,, (eiTA - l)(iTY d(ll E(h) h II”) 1 
< 2 II h II2 (6 I T I)-’ < 4 
if I T 1 > T,(h) = 4 II h /12/A Hence / T / > T,(h) implies 
I j T-1 ‘(u(t) h, h) dt 1 = I 11 + J2 I < E; 0 
that is, limT+faF T-l jc (U(t)h, h) dt = 0 for all h E X. This proves the 
sufficiency. 
Conversely, suppose that 0 is an eigenvalue of A. Let h # 0 belong to 
the null space of A. Then 
T-1 j?JJ(t) h, h) dt = T-l j-’ (h, h) dt = II h /j2, 
0 0 
which does not tend to 0 as T -+ &co. It follows (see Eq. (5)) that (4) fails 
to hold for all choices of initial data. 
5. EQUIPARTITION OF ENERGY FROM A FINITE TIME ON 
THEOREM. Let 4 be a linear manifold contained in D(A) such that 
A(&) 1 &Y and such that if h, k E JI, then there is a constant T = T(h, k) 
such that 
(exp(itA)h, k) = 0 for I t I > T. 
Then if the initial data fi , f2 for equation (1) both belong to A, there is a constant 
S = S(fl , fJ such that K(t) = P(t) = E,/2 whenever 1 t I > S. Moreover, if 
./I is dense in X’, then A satisjies the Riemann-Lebesgue condition (2). 
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Proof. According to the proof in [I], 
2K(t) - Ef = 2Re (U(2t)h, k) 
where U(t) = exp(itA), lz = i/If1 + fi , R = iAfi - fi . If fi , fi E A, then 
the hypotheses imply that h, k E &. Hence there is a constant 
s = S(fl ) fi) = 24T(h, k) 
such that K(t) = P(t) = E42 w h enever j t / > S. The last assertion of the 
theorem follows by an easy approximation argument. 
EXAMPLE. Let 3 = L2( - co, co) and define 
Vf I(4 = -iaf ‘0) + bf (4, -co<h<co. 
Here f E D(A) = {h E X : h is absolutely continuous and h’ E X}, and 
a, b are real numbers with a f 0. Let d be the C” functions having compact 
support in (-co, co). Then M C D(A) and A(&) C k?. Let h, k EM. Since 
it follows that 
(exp(itA)h)(x) = eibth(x + at), 
(exp(itA) h, k) = eibt m 
.r 
_ &f(X + at)&) kc = 0 
whenever / t 1 3 2L/I a /, where L is any number such that f (x) = g(x) = 0 
for I x 1 > L. Thus all the hypotheses of the above theorem are satisfied in 
this case. 
The above one-dimensional example can be generalized to the case of 
variable coefficients and n dimensions. 
In a personal communication, Professor R. J. Duffin pointed out that for 
the wave equation in three dimensions (A2 = Laplacian, X = L2(RS)), the 
conclusion of the above theorem holds (with d = CGm(R3)) even though 
the hypotheses are not satisfied. Duffin’s proof uses the Paley-Wiener 
theorem. 
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